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Abstract Defects in kinematic joints can sometimes highly inﬂuence the simulation response of the
whole multibody system within which these joints are included. For instance, the clearance, the
friction, the lubrication and the ﬂexibility aﬀect the transient behaviour, reduce the component life
and produce noise and vibration for classical joints such as prismatics, cylindrics or universal joints.
In this work, a new 3D cylindrical joint model which accounts for the clearance, the misalignment
and the friction is presented. This formulation has been used to represent the link between the planet
gears and the planet carrier in an automotive diﬀerential model. c© 2013 The Chinese Society of
Theoretical and Applied Mechanics. [doi:10.1063/2.1301303]
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Kinematic joints are key components in multibody
simulation tools. Most of the time, the joints are repre-
sented with idealized models which restrain the motion
of the entire system by a set of kinematic constraints.
This kind of formulation often considers the joints as
perfect rigid elements without any default but has the
advantages to be simple to implement and are computa-
tionally eﬃcient. However, physical phenomena such as
clearance, misalignment, ﬂexibility, friction, lubrication
or impact can highly inﬂuence the dynamic response of
the joints and have a non negligible eﬀect on the ac-
curacy and reliability of the full multibody model. For
instance, the modelling of the joints between the sus-
pension arm and the car body with bushing elements
strongly inﬂuences the vehicle dynamic simulation.1
The representation of the bodies submitted to the
kinematic joints with their actual geometry and their
material ﬂexibility properties is without doubt the most
accurate way to model any kind of joints. Contact con-
ditions deﬁned between ﬁnite element models of the
bodies subjected to spherical joints are used in Ref. 1.
Such detailed models are able to capture a lot of disrup-
tive factors but they are often quite complex to achieve
and they highly increase the computational time.
Other models of joints are at an intermediate level of
complexity between the two aforementioned categories.
These global joint representations enable to account
for some disrupting eﬀects without increasing much the
number of degree of freedom. In Ref. 2, the inﬂuence of
clearance and lubrication is studied for the hinge and
spherical joints within the framework of energy preserv-
ing and decaying time integration schemes. A planar
revolute joint model with clearance based on a contin-
uous contact model is described in Ref. 3. The nons-
mooth dynamic approach can also be used to represent
kinematic joints with defects, see for example.4,5 This
approach often allows to use larger time steps but needs
speciﬁc integration methods such as time-stepping or
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event-driven schemes.
The objective of this work is to develop a global
model for a cylindrical joint where the clearance, the
misalignment and friction force are accounted for. A
continuous force law is used to model the contact be-
tween the pin and the internal cylinder which are repre-
sented as rigid bodies. The joint described in this paper
has been tested in a full TORSEN diﬀerential multibody
model.
This new joint model has been implemented within
the framework of the nonlinear ﬁnite element method
for multibody systems described in Ref. 6. This ap-
proach enables the modelling of complex mechanical
systems composed of rigid and ﬂexible bodies, kinemat-
ics joints and force elements. The conﬁguration is rep-
resented using absolute nodal coordinates with respect
to a unique inertial frame. Hence, there is no distinc-
tion between rigid and elastic coordinates which allows
accounting in a natural way for many nonlinear ﬂexible
eﬀects and large deformations.
The dynamics of a system including holonomic bi-
lateral constraints is described by
M(q) q¨ + g(q, q˙, t) +ΦTq (pΦ+ kλ) = 0, (1)
k Φ(q, t) = 0, (2)
where q, q˙ and q¨ are the generalized displacements, ve-
locities and acceleration coordinates, M(q) is the mass
matrix, g(q, q˙, t) = ggyr(q, q˙)+gint(q, q˙)−gext(t), with
ggyr the vector of the complementary inertia forces,
gint(q, q˙) the vector of the internal forces, e.g., elas-
tic and dissipations forces, and gext(t) the vector of
the external forces. According to the augmented La-
grangian method, the constraint forces are formulated
by ΦTq (pΦ + kλ), where λ is the vector of Lagrange
multipliers related to the algebraic bilateral constraints
(Φ = 0); k and p are respectively a scaling and a penalty
factor to improve the numerical conditioning.
Equations (1) and (2) form a system of nonlinear
diﬀerential-algebraic equations. The solution is evalu-
ated step by step using a second order accurate time
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integration scheme. For this study, the Chung–Hulbert
scheme, which belongs to the family of the generalized
α-method, has been used (see Refs. 7 and 8). At each
time step, a system of nonlinear algebraic equations has
to be solved using a Newton–Raphson method.
The cartesian rotation vector combined with an up-
dated Lagrangian approach is used for the parametriza-
tion of rotations. This choice enables an exact represen-
tation of large rotations. The tangent operator T (Ψinc)
allows computing the material variation of rotations δΘ
from the variation of the incremental cartesian rotation
vector δΨinc as
δΘ = T (Ψinc) δΨinc. (3)
In a cylindrical joint, according to the kind of mech-
anism considered the contact between the pin and the
external surface of the hollow cylinder can occur at one
point, at two points or on a line. In this work, in order
to simplify the joint formulation, it is assumed that the
contact takes place only at the top or at the bottom of
the pin. The contact element developed in this work
models the interactions between the cylindrical face of
the hollow cylinder and one extremity of the pin. There-
fore, the joint needs to be used twice for each pin: One
time for each extremity.
The direction of the contact and friction forces de-
pends on the geometry of the pin and the inner cylin-
der near the contact point and can be hardly deter-
mined in case of intricate conﬁgurations: sharped edge
or small ﬁllet radius on the pin external surface for ex-
ample. The objective of this study is not to analyse
detailed phenomena at the contact location but to have
a global representation of the related dynamic phenom-
ena. Therefore, in order to have a simple formulation for
this 3D contact element, the top and the bottom of the
cylinder are considered as having a spherical shape (see
Fig. 1). This assumption seems reasonable in practical
situations where the clearance is small and the relative
inclination of the pin is limited since the contact point
would then remain close to the intersection circle be-
tween the sphere and the cylinder. It would thus be
close to the physical contact point even if the geometry
of the cylinder edge is not precisely represented.
This new joint is deﬁned by two physical nodes at-
tached on the two rigid bodies candidate to contact.
The node A is located on the axis of the hollow cylinder
and the node B is ﬁxed at the center of the top or bot-
tom circular face of the pin which is also the center of
the contact sphere. The positions and velocities of the
twelve absolute nodal coordinates are involved in the
expression of this contact element.
A material local frame attached to each body is used
in the joint formulation. The triads of orthogonal unit
vectors {e′′A1 , e′′A2 , e′′A3} and {e′′B1 , e′′B2 , e′′B3} have their
origin ﬁxed respectively at the point A of the hollow
cylinder and at the point B of the pin. The ﬁrst triad
vectors e′′A1 and e
′′
B1
are aligned with the axis of the
cylinders. The second triad vectors e′′A2 , e
′′
B2
are arbi-
trary oriented in the plane perpendicular to e′′A1 and
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Fig. 1. Contact force.
e′′B1 . The third unit vectors e
′′
A3
, e′′B3 complete the dex-
trorsum reference frame.
The vectors eAi , eBi represent the orientation of the
two material frames at the initial conﬁguration. In this
work, for simplicity the pin and the hollow cylinder are
positioned with parallel axis at the initial time. Conse-
quently, the initial orientation is equivalent for the two
material frames
eAi = R1 Ei = eBi , (4)
where R1 is the rotation matrix giving the initial ori-
entation of the material frames with respect to the ab-
solute inertial frame {E1,E2,E3}.
The rotation operators RA, RB give the orienta-
tion of bodies A and B from the initial to the current
conﬁguration
e′′Ai = RA eAi = RA R1 Ei, (5)
e′′Bi = RB eBi = RB R1 Ei. (6)
The points P and Q in Fig. 1 are the approximated
contact points respectively on the rigid bodies A and
B due to the geometrical assumptions introduced pre-
viously. The position vectors xP ,xQ of these contact
points can be easily computed according to the posi-
tions xA,xB of the nodes A and B, the rotation matri-
ces RA,R1 and the radii rA, rB of the contact surfaces
near the contact points (see Eqs. (17) and (18)).
The contact force is deﬁned by the continuous im-
pact model theory developed in Ref. 9. This penalty
method is based on the Hertz law and uses the pene-
tration (l) as a representation of the local deformation
of the two bodies in contact. In addition to the stiﬀ-
ness term, this contact model (Eq. (7)) also includes a
hysteresis damping term which enables to represent the
kinetic energy loss during the impact process. This loss
of kinetic energy is described by a restitution coeﬃcient
and depends on the shapes and material properties of
the colliding bodies as well as their relative velocities.
The restitution coeﬃcient e has a value comprised be-
tween 0 (plastic contact) and 1 (no energy loss) and can
be seen as the absolute value of the ratio of the relative
velocity after and before the impact. In order to avoid a
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jump at the beginning of the contact and tension force
at the end, the classical viscous damping term (cl˙) has
been multiplied by ln.
The impact-contact force law is expressed as
fc(l, l˙) =
{
kln + cln l˙, if l > 0
0, if l  0 (7)
with the exponent n equal to 1.5 for circular and elliptic
contact areas. The case when the penetration length
l has a negative value means that the contact is not
eﬀective and consequently no contact force has to be
applied.
In case of global multibody models, the contact stiﬀ-
ness parameter k is often determined by analytical for-
mulations. For a sphere in contact with an internal
cylinder, a few approximate expressions are available in
Ref. 10 for a good approximation of the contact stiﬀness
k.
One way to set the damping parameter c consists in
formulating this coeﬃcient as a function of the restitu-
tion coeﬃcient. According to the contact conﬁguration,
various expressions can be found in Ref. 11. The for-
mulation proposed in Ref. 12 has been chosen for the
deﬁnition of the damping parameter c
c =
8 (1− e)
5 e
k
l˙s
, (8)
where l˙s is the relative normal velocity between bod-
ies at the time of contact establishment. This expres-
sion has the advantage to can be used whatever the
amount of energy dissipation while most deﬁnitions of
the damping parameter c are only valid for high values
of the restitution coeﬃcient (e > 0.8).
The continuous contact force model does not involve
any kinematic constraint. Therefore the contribution of
this force element to the motion equations (Eq. (1)) of
the multibody system is only contained in the term of
internal forces, gint(q, q˙). The virtual work principle is
used in order to formulate the internal force vector of
this contact element
δWn = δx
T
P f
A + δxTQ f
B , (9)
where xP , xQ are the position vectors expressed in the
absolute frame of the contact point P on the body A
and of the contact point Q on the body B (see Fig. 1),
and fA, fB are the contact forces respectively applied
on bodies A and B.
In order to express the virtual displacements δxP
and δxQ, the points P and Q are considered rigidly
ﬁxed on bodies A and B
δxP = δxA + δθA × xAP , (10)
δxQ = δxB + δθB × xBQ, (11)
with xij = xj − xi.
The relation between the variation of the spatial
angular vector δθ and the material angular variation
vector δΘ is provided by the initial rotation matrix R1
and the rotation operators RA, RB as
δθA = R1RA δΘA, (12)
δθB = R1RB δΘB . (13)
In this work, the skew-symmetric matrix i˜ formed
with the components of the vector i is often used to
replace the cross products by matrix products (i× j =
i˜ j). The virtual displacement of P and Q can be re-
formulated as
δxP = δxA − x˜APR1RA δΘA, (14)
δxQ = δxB − x˜BQR1RB δΘB . (15)
The unit vector n normal to the collision surface
between the sphere and the hollow cylinder and aligned
with the vector xPQ of maximal indentation l can be
deﬁned as
n =
(
I − e′′A1e′′A1
T
)
xAB∥∥∥(I − e′′A1e′′A1T)xAB∥∥∥ , (16)
where e′′A1 is the ﬁrst axis of the material local frame
attached to the node A (see Eq. 5).
The vector xAP and xBQ can be expressed accord-
ing to the normal vector n and the distance vector xAB
as
xBQ = rB n, (17)
xAP = xAB + xBQ + xQP = xAB + (rB − l) n, (18)
with rB the radius of the sphere attached at the top of
the pin.
The contact forces fA and fB are aligned with the
normal direction n and their magnitude fc is given by
the contact law (Eq. (7))
f = fB = −fA = fc n. (19)
fc depends on the relative normal deformation l and
deformation velocity l˙, which are computed according
to the following expressions
l = xTPQ n = x
T
AB n+ rB − rA, (20)
l˙ = x˙TPQ n+ x
T
PQ n˙, (21)
where the second term of l˙ is always null because xPQ
is parallel to n whereas n˙ is perpendicular to n. The
vector x˙PQ can be obtained owing to the diﬀerence of
velocity vector of P and Q
x˙P = x˙A + ωA × xAP , (22)
x˙Q = x˙B + ωB × xBQ. (23)
The spatial angular velocity vector ω can be trans-
formed to the material angular velocity vector Ω by
ωA = R1RA ΩA, (24)
ωB = R1RB ΩB . (25)
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Finally, the virtual work expression (Eq. (9)) can
be reformulated as
δWn =
(
δxTAB + δΘ
T
BR
T
BR
T
1 x˜BQ −
δΘTAR
T
AR
T
1 x˜AP
)
f . (26)
The internal force vector gintn (Eq. (29)) of this nor-
mal contact force can be easily obtained by identiﬁca-
tion of the last expression with the classical virtual work
expression for a force element
δW = δqT gint (q, q˙) , (27)
where q is the vector of generalized coordinates involved
in the force element. For the contact model developed
here, the vector q includes the absolute nodal degree of
freedom in translation and rotation of the nodes A and
B.
q =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
xA
ΨAinc
xB
ΨBinc
⎫⎪⎪⎪⎬⎪⎪⎪⎭ , (28)
gintn (q, q˙) = fc
⎧⎪⎪⎪⎨⎪⎪⎪⎩
−n
−TT(ΨAinc)RTART1 x˜AB n
n
0
⎫⎪⎪⎪⎬⎪⎪⎪⎭ . (29)
The friction forces fAfr and f
B
fr encountered at the
contact between the bodies A and B are considered ap-
plied on the point M , located at the middle between
the points P and Q (Fig. 2).
The virtual work of the friction forces can be ex-
pressed as
δWfr = δx
AT
M f
A
fr + δx
BT
M f
B
fr , (30)
where δxAM is the virtual displacement when M is con-
sidered attached to the body A, and δxBM is the vir-
tual displacement when M is considered attached to
the body B. By analogy with Eqs. (14) and (15), the
1: Housing        4: Intermal gear
2: Sun gear       5: Coupling
3: Planet gears  6: Case
7, 8, 9, 10, 11: Thrust washers
Fig. 3. Kinematic diagram, exploded view and cut-away
view of type C TORSEN diﬀerential.
z
y
x
Body B
Body A
Fig. 4. Test model for the new joint in the geometrical
conﬁguration of TORSEN diﬀerential.
expression of these virtual displacements can be easily
obtained as
δxAM = δxA − x˜AMR1RAδΘA, (31)
δxBM = δxB − x˜BMR1RBδΘB . (32)
The vectors xAM and xBM between the nodes A
and B and the application point M of the friction force
can be formulated according to xAB , n, rB and l as
xAM = xAP +
l
2
n = xAB +
(
rB − l
2
)
n, (33)
xBM = xBQ − l
2
n =
(
rB − l
2
)
n. (34)
The friction forces are aligned with the normal vec-
tor n but have opposite directions (ffr = f
B
fr = −fAfr )
and are deﬁned by
ffr = −μR(vt) fc t, (35)
where fc is the magnitude of the normal contact force
(see Eq. (7)), t is the unit tangential vector described
hereafter, and μR is the regularized friction coeﬃcient
which allows to avoid the large discontinuity when the
sign of the relative sliding velocity shifts.
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The unit tangential vector t can be simply expressed
by t = vt/vt where vt is the vector of tangential velocity
at the pointM where the friction forces are applied, and
is expressed as
vt =
(
I − nnT) (x˙BM − x˙AM) , (36)
in which x˙AM and x˙
B
M are the velocity vectors when the
point M is respectively attached to the bodies A and
B.
x˙AM = x˙A + ωA × xAM , (37)
x˙BM = x˙B + ωB × xBM . (38)
The virtual work expression of the friction forces
can be reformulated as
δWfr =
(
δxTAB + δΘ
T
BR
T
BR
T
1 x˜BM −
δΘTAR
T
AR
T
1 x˜AM
)
ffr. (39)
The identiﬁcation with Eq. (27) is straightforward
and allows to obtain the vector of internal forces gintfr
gintfr (q, q˙) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
−ffr
−TT(ΨAinc)RTART1 x˜AM ffr
ffr
TT(ΨBinc)R
T
BR
T
1 x˜BM ffr
⎫⎪⎪⎪⎬⎪⎪⎪⎭ . (40)
The tangent stiﬀness and damping matrices have been
computed analytically but are not given in this paper
for the sake of conciseness.
The new joint presented hereabove has been tested
to model the link between the planet gears and the
planet carrier in a type C TORSEN diﬀerential. As de-
picted in Fig. 3, this central diﬀerential is mainly com-
posed of a epicyclic gear, several thrust washers and a
housing in two parts. The friction encountered by the
contact between the planet gears and the housing as
well as between the gear wheels and the thrust washers
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due to clearance and misalignment at the beginning of the
simulation.
is at the origin of the locking eﬀect and torque transfer
of TORSEN diﬀerentials.
The assembly of planet gears on planet carrier is
particular in this mechanical device. Indeed, planet
gears are inserted in housing cylindrical cavities with-
out any physical rotational axis. The clearance between
crater and planet gear diameters allows planet gears
to tilt which involves contact between gear teeth top
and crater external surface. The friction occurred by
these contacts tends to slow down the relative rotation
and signiﬁcantly contributes to the locking eﬀect. The
transient behaviour at the switching time between two
working modes is also highly inﬂuenced by this speciﬁc
assembly.
In addition to the 4 planet gear/housing joints, the
global model also includes 15 rigid bodies, 8 gear pairs,
14 contact elements, and 1 screw joint. The number of
generalized coordinates is about 800.
In order to study in a simple way, the behavior
of the new cylindrical joint in the conﬁguration of the
TORSEN diﬀerential, only a reduced part of the diﬀer-
ential has been modeled in a ﬁrst instance. As depicted
in Fig. 4, this simple system includes the sun gear, a
unique planet gear, the housing and one thrust washer.
The housing and the thrust washer are clamped to the
ground. The sun gear is linked to the housing with
a hinge joint and is submitted to a torque linearly in-
creasing from 0 Nm at t = 0 s to 10 Nm for the period
t = [0.02, 0.04] s and before decreasing, following a lin-
ear function to −20 Nm for the period t = [0.06, 0.2] s.
The planet gear is meshing with the sun gear; its dis-
placement in the x–y plane is constrained by the new
joint developed in this work; its axial displacement in
the z-axis is constrained by two unilateral contact con-
ditions (one deﬁned with the housing and one deﬁned
with the thrust washer).
The displacement in the x–y plane of the top and
bottom face center of the planet gear inside the hous-
ing hole is depicted in Fig. 5. At the initial time, the
planet gear is located at the center of the housing cav-
ity and their axis are parallel. As soon as a torque
is applied on the sun gear, the meshing force tends to
increase the distance between gear wheels rotation axis
and the planet gear is deported against the circular face
of housing cavity. After the ﬁrst impact, the planet gear
undergoes several rebonds and afterwards tends to keep
a constant global orientation until the torque applied
on the gear wheel changes of sign. At this time, the
planet gear quickly moves to negative values of y-axis
and also tend to maintain a ﬁxed position after the tran-
sient period. Due to the helical gear teeth, the planet
gear is tilted during the transient phases, which explains
the small diﬀerences of trajectory observed on Fig. 5(a)
compared with Fig. 5(b).
Figure 6 illustrates for the ﬁrst impacts the kinetic
energy dissipation which is taken into account by the
contact law (Eq. (7)). Indeed, the hysteresis loops en-
circle the amount of energy dissipated owing to the
damping term used in the contact force. The areas of
these hysteresis loops highly depends on the choice of
the restitution coeﬃcient. In this example, this coeﬃ-
cient has been ﬁxed to 0.8, a frequently used value for
contacts between two metallic bodies.
Finally, the new cylindrical joint formulation has
been introduced in a full TORSEN diﬀerential model.
For this simulation the same conﬁguration as exper-
imental settings on testrig has been reproduced. A
torque is progressively applied on one output shaft
whereas the rotation velocity is prescribed on the second
output and the housing is clamped on the test bench.
Figure 7 depicts the resistant torque which allows to
limit the rotation velocity of the sun gear when a 50 Nm
torque is applied in 0.1 s on the coupling. The spikes
at the beginning of the simulation (t = [0, 0.02] s) are
caused by the shocks due to the clearance in the cylin-
drical joints. The discontinuities observed during the
second part of the simulation are due to the contact
establishment between the gear wheels and the thrust
washers. For instance, the friction inherent to the con-
tact between the internal gear and the thrust washer
#11 modiﬁes the friction torques in the diﬀerential as
soon as this unilateral contact is active and explains the
step on the curve at t = [0.07, 0.08] s. Although the
transient behavior is inﬂuenced by the imperfections of
the joints, the mean value of the resistant torque is sim-
ilar to the value obtained if the PG/housing joints are
modeled with idealized cylindrics.
In conclusion, the non-ideal cylindrical joint pre-
sented in this paper accounts for several imperfections
often encountered in mechanical joints: clearance, mis-
alignment, friction and impact forces. The formulation
is based on a continuous impact force law to model the
contacts between the pin tips and the lateral face of
the hollow cylinder. The loss of kinetic energy at each
impact is accounted for by a restitution coeﬃcient intro-
duced inside the damping parameter. This new joint has
been tested within a TORSEN diﬀerential multibody
model in order to represent the assembly of the planet
gears on the planet carrier. However, for this kind of
complex industrial system which includes numerous dis-
continuous and nonlinear phenomena and where the ef-
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forts transmitted are high, the continuous contact mod-
els require very small time steps (h  10−6 s) to insure
the convergence of the integration algorithm. The mod-
elling of contacts with nonsmooth techniques may be
an alternative to avoid this drawback and permit faster
simulation of global multibody systems with non-ideal
kinematic joints (see preliminary work in Ref. 13).
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